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Abstract: We study the N = 6 superconformal Chern-Simons matter field theory (the
ABJM theory) conformally coupled to a Lorentzian, curved background spacetime. To
support rigid supersymmetry, such backgrounds have to admit twistor spinors. At the
classical level, the symmetry of the theory can be described by a conformal symmetry
superalgebra. We show that the full N = 6 superconformal algebra persists at the quantum
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1 Introduction
Supersymmetric field theories in curved space-time have attracted attention in recent years
[1–11]. In such theories, gravity is non-trivial but is kept non-dynamical; it is considered as
a rigid background on which matter fields propagate, in contrast with supergravity in which
the dynamical gravitational field plays the role of the gauge field of local diffeomorphisms.
While theories which preserve rigid supersymmetry in curved space at the classical level
are well studied in the literature, the issue of realization of supersymmetry at the quantum
level is less investigated. The aim of the present work is to study the ABJM theory [12] in
Lorentzian curved space-times and to investigate whether this theory can be consistently
formulated as a well-defined perturbatively renormalized quantum field theory. In fact, the
original theory, formulated in flat space-time, is claimed to remain superconformal at the
quantum level. We prove this claim by showing that all the symmetries of this theory are
realized at the quantum level, in the sense that we explain in the following.
The ABJM theory [12], usually formulated in three dimensional flat Minkowski space,
is an N = 6 superconformal gauge theory which plays a crucial role in the AdS4-CFT3
correspondence. By conformally coupling the ABJM theory to a curved background M ,
we obtain an action invariant under a conformal symmetry superalgebra S [13]. S contains
as the even part conformal Killing vectors of M (if any) and so(6) (the R-symmetry), and
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as the odd part the set of all twistor spinors on M in the fundamental representation of
so(6)1.
As it turns out, in this theory rigid supersymmetry and local gauge symmetry are
intertwined in the sense that supersymmetry transformations close onto field dependent
gauge transformations and equations of motion. The correct gauge-fixing for such “open
algebras” can be elegantly performed by employing (an extended version of) the BV-BRST
formalism [15–18], which is adapted to curved space-time in [19]. More precisely, all classical
symmetries of the theory, including local gauge symmetry and rigid conformal, R and
supersymmetry, can be integrated into one nilpotent BRST symmetry, s. However, the
realization of s at the quantum level is potentially obstructed by anomalies which are
subject to certain consistency conditions of a cohomological nature.
We work out the relevant cohomology class which contains potential anomalies and
show that this class is trivial in the case of the ABJM theory. This means that the trivial
anomaly can be removed by finite renormalization, i.e., by adding suitable finite counter
terms to the action. The local and covariant nature of these counter terms in curved
space-time is best illustrated in the framework of locally-covariant QFT [20–24] which
yields a perturbative construction of interacting renormalized QFT on an arbitrary curved
(Lorentzian) manifold. It is furthermore shown in [25, 26] that the absence of the anomaly
directly implies that the full symmetry of the underlying classical theory (in our case, rigid
conformal supersymmetry S and the local gauge symmetry) are preserved at the quantum
level, in the sense that there exists a renormalization scheme in which: (i) the renormalized
Noether current of BRST symmetry is conserved, as an operator-valued distribution, (ii)
the renormalized BRST charge QL is nilpotent and can thus be used to define the Hilbert
space of physical state as KerQL/ImQL, (ii) the scattering matrix commutes with QL, and
(iv) for classical observables O which are annihilated by s, the corresponding renormalized
composite quantum field OL (anti-)commutes with QL.
2 ABJM theory conformally coupled to a curved space-time
The model written by Aharony, Bergman, Jafferies, and Maldacena (ABJM) [12] is a well-
studied example of AdS-CFT correspondence. It is a 2+1 dimensional, N = 6 superconfor-
mal gauge theory with gauge group G = U(N)×U(N), which consists of two Chern-Simons
theories, corresponding to each U(N) factor, with opposite levels (couplings) k. In this sec-
tion, we describe the conformally coupled theory.
2.1 Conformal symmetry superalgebra S
The algebraic structure underlying rigid supersymmetric theories is that of a Lie superal-
gebra S. For the case of the conformally coupled theories, S is called a conformal symmetry
superalgebra. This notion was defined in [19] [13] where a complete classification of S for
dimensions 3,4,5,6 and for both Riemannian and Lorentzian case was also given. Here we
1One can also obtain rigid supersymmetric(superconformal) theories by taking the rigid limit of off-shell
super(conformal)gravity [1, 14].
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describe S for the case of the 3 dimensional ABJM theory conformally coupled to a curved
space-time background. We begin with the geometrical setting.
Let (M, g) be a Lorentzian 3 dimensional manifold with signature (−,+,+) which
admits a spin structure. Given the Levi-Civita connection ∇, the Lie derivative of a vector
field X(x) ∈ X(M) along another vector field Y is defined by
LXY = ∇XY −∇YX = [X,Y ]. (2.1)
It extends to tensor fields of arbitrary rank via the Leibniz rule. The Lie derivative also
defines a representation of X(M) on the space of all tensor fields, since [LX ,LY ] = L[X,Y ].
A conformal Killing vector field X is defined to satisfy
LXg + 2σXg = 0, (2.2)
where σX := −13∇µXµ. That is, the infinitesimal diffeomorphism generated by a conformal
Killing vector (CKV) leaves the metric invariant up to a conformal factor −2σX . The linear
space of all CKVs together with the Lie bracket of vector fields form the Lie algebra Xc(M)
of conformal isometries of (M, g). Xc(M) depends only on the conformal class of g. For
instance, for conformally flat metrics it is isomorphic to Xc(R1,2) = so(2, 3).
The fermionic counterpart of a CKV is a conformal Killing spinor or a twistor spinor.
In order to introduce them, we first need to fix some basic notions about the spinors. On a
curved space-time, each γµ is a section of the Clifford bundle C`(TM) over M , associated
to a basis element ∂µ in X(M). They obey2
γµγν + γνγµ = 2gµν1. (2.3)
A twistor spinor (x) is defined by
(∇µ − 13γµ 6∇)(x) = 0, (2.4)
where ∇µ is the covariant derivative on spinors. We denote the linear space of all twistor
spinors by Sc(M). Similar to Xc(M), Sc(M) also depends only on the conformal class
of g, since the twistor equation (2.4) is Weyl invariant. An important property of twistor
spinors is that they “square to” conformal Killing vectors in the sense that given any two
twistor spinors ψ, χ, the bi-linear ψ¯γµχ is a conformal Killing vector.
There is a similar notion of Lie derivative acting on spinor fields given by
LˆXψ = LXψ + 12σXψ, (2.5)
where LXψ = ∇Xψ+ 14(∇µXν)γµνψ. LˆX defines a representation of the conformal isometry
algebra on Sc(M), i.e. for X,Y ∈ Xc(M), it satisfies [LˆX , LˆY ] = Lˆ[X,Y ].
In the following, we take the supersymmetry parameter, , to be a real bosonic (com-
muting) twistor spinor carrying the 6 representation of so(6). Let {eI} be a basis on C6,
with I = 1, 2, 3, 4, 5, 6, and let {eI} be the dual basis. Relative to this basis,  = IeI . We
2For conventions about representations etc. related to spinors in curved space-time see e.g. [13]
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denote the components of the so(6)-invariant nondegenerate bilinear form on C6 by IJ ,
with inverse IJ (i.e. IKKJ = δIJ).
Now, the conformal symmetry superalgebra, for the conformally coupled ABJM theory,
is defined to be a Z2-graded vector space S = B ⊕ F , where
B = Xc(M)⊕ so(6), FC = Sc(M)⊗ C6, (2.6)
together with the following graded Lie bracket for allX,Y ∈ Xc(M), ρ, σ ∈ so(6), 1, 2 ∈ F ,
[X ⊕ ρ, Y ⊕ σ] = [X,Y ]⊕ [ρ, σ], (2.7)
[X ⊕ ρ, ] = LˆX+ ρ · , (2.8)
[1, 2] = ξ12 ⊕ ρ12. (2.9)
In the right hand side of (2.7), the brackets are the Lie brackets of vector fields and the
Lie algebra so(6), respectively. In the right hand side of (2.8), (ρ · )I = ρIJJ , with
ρ = ρIJeI ⊗ eJ and
ρIJ =
2
3 i¯
I 6∇J (2.10)
which is shown to be covariantly constant
∇µρIJ = 0, (2.11)
using the twistor spinor equation (2.4). Also in the right hand side of (2.9), ξ12 ≡ 12(ξ1+2−
ξ2 − ξ1), where ξ = ξµ∂µ with
ξµ = i¯IγµI ∈ Xc(M), (2.12)
and ρ12 ≡ 12(ρ1+2−ρ2−ρ1) which is constant on M , as required by consistency of (2.9).
The graded Lie bracket [−,−] can be shown to satisfy the graded Jacobi identity [13].
2.2 Rigid backgrounds admitting twistor spinors
Admitting twistor spinors puts a strong restriction on the underlying background space-
time. A complete classification of such Lorentzian manifolds is given in [27–31]. The max-
imum number of linearly independent Killing vectors, and twistor spinors in d dimensions
are 12(d+ 1)(d+ 2) and 2
b d2 c+1 respectively. The two bounds are saturated for locally con-
formally flat metrics. In three dimensions, Lorentzian manifolds admitting twistor spinors
fall into two distinct classes:
(1) Locally conformally flat metrics3, such as R1,2, dS3 and AdS3. On Minkowski R1,2,
the general solution to the twistor equation is
 = α0 + β 6x0, (2.13)
with 0 begin a constant spinor with 4 linearly independent components, and α, β
arbitrary constants. There are also 10 linearly independent conformal Killing vectors
which form the algebra so(2, 3). The ABJM superalgebra is SR1,2 ∼= osp(6|4).
3In three dimensions, the Weyl tensor vanishes identically. However, the Cotton-York tensor Cµνρ =
∇µKνρ −∇νKµρ is in general non-zero, and vanishes if and only if the metric is conformally flat.
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(2) Certain types of pp-wave metrics [27, 32] which are not conformally flat. The pp-wave
metric in Brinkmann coordinates (u, v, x) [33] takes the form
g = 2dudv + h(u, x)du2 + dx2, (2.14)
where h is an arbitrary smooth function of u and x. All pp-wave metrics whose h are
higher than quadratic in x are not conformally flat.
For pp-waves with arbitrary h, any twistor spinor  is parallel, i.e. ∇µ = 0, and for
the non-conformally flat class, the maximum number of independent components are
2. The only conformal Killing vector is ξ = ∂ν which is null.
2.3 Supersymmetry transformations and the supersymmetric Lagrangian
Besides rigid conformal supersymmetry, the ABJM theory has a local gauge symmetry
with gauge group G = U(N)×U(N), with Lie algebra denoted by g = u(N)⊕ u(N). Here
we construct an invariant Lagrangian under S ⊕ G, where G = C∞(M, g) in component
form. It differs from the flat space Lagrangian [12, 34] by expected curvature couplings.
Field content
The basic fields are (A, Aˆ,X,Ψ) as explained in the following.4
• (A, Aˆ) = (Aµdxµ, Aˆµdxµ), the gauge connection, is a u(N)⊕ u(N)-valued 1-form.
• Matter fields, (XA,ΨA), with A = 1, 2, 3, 4, are a complex scalar and a Dirac spinor
field respectively. They both carry the 4 representation under su(4) ∼= so(6) R-
symmetry. XA and ΨA also transform in the bi-fundamental representation (N¯,N) of
u(N), while XA and ΨA transform in the anti-bi-fundamental representation (N, N¯).
Since matter fields XA,ΨA and the supersymmetry parameters I carry different repre-
sentations of the R-symmetry, one needs intertwiners between the 6 and 4 representations.
These are six 4× 4 anti-symmetric matrices ΓIAB = −ΓIBA satisfying
ΓI Γ˜J + ΓJ Γ˜I = 2δIJ1, (2.15)
where Γ˜IAB = 12ABCDΓICD, where ABCD is the so(6)-invariant totally anti-symmetric
tensor in the 4 representation. We also denote (ΓIJ)CA ≡ JKΓ[IABΓ˜K]BC , and we find
Γ(IABΓ˜J)CD = −13δCDAB δIJ .
Action of S on fields
For the bosonic part B ⊂ S, the action of a conformal Killing vector X on the space of
field configurations is given by
δXΦ = LXΦ + wΦσXΦ, (2.16)
where wΦ is the Weyl weight of a generic field Φ given in Table 1.
4We closely follow the notation of [34].
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Fields (Aµ, Aˆµ) XA ΨA
Dimension 1 1/2 1
Weyl weight 0 −1/2 −1
Spin 1 1 1/2
Table 1. Basic fields and their data.
In addition, the so(6) R-symmetry acts by
δρAµ = 0 = δρAˆµ, δρXA = ρBAXB, δρΨA = ρBAΨB, (2.17)
where ρBA = (ΓIJ)BAρJ I , and δρ satisfies [δρ, δσ] = δ[ρ,σ]. Since the ρIJ are covariantly
constant (2.11), the variations (2.16) and (2.17) define a representation of B on the space
of fields since
[δX + δρ, δY + δσ] = L[X,Y ] + wΦσ[X,Y ] + δ[ρ,σ] = δ[X,Y ] + δ[ρ,σ]. (2.18)
The action of the Fermionic part F ⊂ S is the curved space ganeralization of the usual
superconformal transformations of the ABJM theory in flat spacetime [34]:
δAµ = ΓIAB ¯IγµΨAXB − Γ˜IABXBΨ¯AγµI , (2.19a)
δAˆµ = ΓIABXB ¯IγµΨA − Γ˜IABΨ¯AγµIXB, (2.19b)
δXA = iΓIAB ¯IΨB, (2.19c)
δΨA = ΓIAB 6DXBI + ΓIAB(XCXCXB − XBXCXC)I − 2ΓIBCXBXAXCI −
1
3Γ
I
AB 6∇IXB,
(2.19d)
where I is a twistor spinor satisfying (2.4). The superconformal variations (2.19) define a
representation of F on fields only up to a field-dependent gauge transformation and equa-
tions of motion, by contrast to the case of B. In fact, the commutator of two supersymmetry
transformations turns out to be of the form 5
δ2 = δξ() + δρ() + δ(Λ(φ),Λˆ(φ)) + δe.o.m., (2.20)
where δξ() = Lξ + wΦσξ with ξµ defined in (2.12), where ρ() is defined in (2.10), and
where δρ is defined in (2.17). The field-dependent gauge transformation parameters (Λ, Λˆ) ∈
C∞(C)⊗ (u(N)⊕ u(N)) in this equation are
Λ(φ) = (ξµAµ)− (¯I(ΓIJ)CDJXDXC) (2.21)
Λˆ(φ) = (ξµAˆµ)− (¯I(ΓIJ)CDJXCXD), (2.22)
5For our commuting supersymmetry parameters 1, 2, the (anti-) commutator [δ1 , δ2 ] = δ1δ2 +δ2δ1
is related to δ2 via polarization, i.e. [δ1 , δ2 ] = δ21+2 − δ21 − δ22 . In verifying (2.20), we have used ¯ = 0
and ¯ = 12 6ξ as well as 6∇2 = − 38R which follow from the twistor equation for , together with the
Lichnerowicz-Weitzenböck identity 6∇2ψ = ∇2ψ + 14Rψ for arbitrary spinors ψ.
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and δ(Λ,Λˆ) is defined in equation (2.29) below. The δe.o.m.-term is non-trivial only for the
the fermionic field ΨA and the gauge fields Aµ, Aˆµ. It is given by
δe.o.m.Aµ = ξµ(Fµν − µνρJρ), (2.23)
δe.o.m.Aˆµ = ξµ(Fˆµν − µνρJˆρ), (2.24)
δe.o.m.ΨA = 6ξEA + (ΓIJ)BA ¯IJEB, (2.25)
where
Jµ = iXADµXA − i(DµXA)XA − Ψ¯AγµΨA, (2.26)
Jˆµ = iXADµXA − i(DµXA)XA − Ψ¯AγµΨA, (2.27)
EA = 6DΨA − 2ABCDXBΨCXD − XBXBΨA + ΨAXBXB − 2ΨBXAXB + 2XBXAΨB.
(2.28)
In the particular case of the Minkowski spacetime R1,2, the solution to the twistor
spinor equation (2.13) is a linear combination of a constant spinor I0, and 6xI0 ≡ ηI . In this
case, the above transformations for I = I0 reduce to the ABJM supersymmetry transfor-
mations on R1,2, while with I = ηI , they reduce to the superconformal transformations,
both derived in [34].
Superconformal Lagrangian
To obtain an invariant Lagrangian, we also need to specify how the dynamical fields trans-
form under local gauge symmetry. Under a local gauge transformation with parameters
(Λ, Λˆ) ∈ C∞(M)⊗ (u(N)⊕ u(N)),
δΛAµ = DµΛ = ∂µΛ + i[Aµ,Λ], (2.29)
δΛˆAˆµ = DµΛˆ = ∂µΛˆ + i[Aˆµ, Λˆ], (2.30)
δΛΛˆXA = −iΛXA + iXAΛˆ, (2.31)
δΛΛˆΨ
A = −iΛΨA + iΨAΛˆ. (2.32)
The gauge covariant derivatives act on fields by
DµXA = ∇µXA + i(AµXA − XAAˆµ), (2.33)
DµXA = ∇µXA + i(AˆµXA − XAAµ). (2.34)
The invariant Lagrangian, LN=6, under the action of S ⊕ G is the conformally coupled
version of the flat space Lagrangian given in [12, 34]. Explicitly,
LN=6 = k2pi
(LCS + Lkin + Lint), (2.35)
with k being the Chern-Simons level, where
LCS = µνρTr
(1
2Aµ∇νAρ −
1
2Aˆµ∇νAˆρ +
i
3AµAνAρ −
i
3AˆµAˆνAˆρ
)
, (2.36)
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Lkin = Tr
(
−DµXADµXA + iΨ¯A 6DΨA − 18RX
AXA
)
, (2.37)
Lint = Tr
(
i
2(Ψ¯
2AX2A + Ψ¯2AX2A) +
1
12(X
3I
A X3AI + X3AI X3IA )
)
, (2.38)
where R is the scalar curvature of (M, g), and where
Ψ¯2AX2A ≡ −ABCD(Ψ¯AXBΨCXD) + (Ψ¯AΨAXBXB)− 2(Ψ¯AΨBXAXB), (2.39)
Ψ¯2AX2A ≡ ABCD(Ψ¯AXBΨCXD))− (Ψ¯AΨAXBXB) + 2(Ψ¯AΨBXAXB), (2.40)
X3IA ≡ Γ˜IAB(XCXCXB − XBXCXC)− 2Γ˜IBCXBXAXC , (2.41)
X3IA ≡ ΓIAB(XCXCXB − XBXCXC)− 2ΓIBCXBXAXC . (2.42)
The Lagrangian LN=6 is manifestly so(6) invariant. The action is gauge, Weyl and super-
symmetry invariance of the action can be checked using (2.4), the identities in footnote 5
and algebraic spinor identities such as ψ¯χ = χ¯ψ and ψ¯γµχ = −χ¯γµψ for anti-commuting
ψ, χ, as well as the Fierz identity χψ¯ = −12(ψ¯χ1 + (ψ¯γµχ)γµ).
3 Gauge fixing and BRST symmetry
In this section, we describe the gauge-fixing of the the conformally coupled ABJM theory.
As can be seen from (2.20), in this theory, supersymmetry transformations not only close
onto local gauge transformations but also onto a term proportional to the equations of
motion of fields. This defines a so-called “open algebra” whose gauge-fixing requires a
suitable extended version of the BV-BRST formalism [15–19]. Here, we work this out for
the theory at hand.
One associates besides the dynamical ghost for the local gauge symmetry, a set of rigid
ghosts for conformal, R, and supersymmetry as well. Moreover, to every field and ghost Φ of
the theory, there is an associated anti-field Φ‡. Then an extended BRST differential s acting
on (Φ,Φ‡) is defined roughly as follows. sΦ is the sum of all (local and rigid) symmetry
transformations of Φ with each symmetry parameter replaced by its corresponding ghost,
plus certain terms needed to incorporate the open nature of supersymmetry algebra. sΦ‡
is the equation of motion of Φ coming from an extended action S. Of course, S and the
precise form of s has to be made in such a way to satisfy s2 = 0 and sS = 0 which we
intend to explain in the following.
3.1 BRST structure of N = 6 superconformal Chern-Simons matter theory
In order to perform the gauge fixing and the BRST quantization, we need to enlarge the
field configuration space, containing (Aµ, Aˆµ,XA,ΨA), to include the following elements:
• A pair (c, cˆ) of (u(N) ⊕ u(N))-valued Grassmann odd scalars, which are dynamical
ghosts for the local gauge symmetry parameters. In components, c = ciTi, cˆ = cˆiTˆi
(see Section 2.3).
• Non-dynamical ghosts (Xµ, αIJ , I), associated to the rigid symmetries; conformal,
R, and supersymmetry.
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• A (B, Bˆ) and (c¯, ¯ˆc) system which are two pairs of (u(N) ⊕ u(N))-valued dynamical
scalar fields needed for the gauge fixing term.
• Anti-fields Φ‡ for each field and ghost Φ. For instance A‡µ for Aµ etc. By defini-
tion, each Φ‡ has the opposite Grassmann parity of the Φ, and if (∆Φ, gΦ, wΦ) are
dimension, ghost number and Weyl weights of Φ respectively, then Φ‡ has
(∆Φ‡ , gΦ‡ , wΦ‡) = (3−∆Φ,−1− gΦ,−3− wΦ). (3.1)
We summarize the data for all ghosts in Table 2. Let us first define the nilpotent
Ghosts (c, cˆ) αIJ I Xµ (c¯, ¯ˆc) (B, Bˆ)
Dimension 0 0 −1/2 −1 1 1
Ghost number 1 1 1 1 −1 0
Grassmann parity 1 1 0 1 1 0
Weyl weight 0 0 1/2 0 −1 −1
Dynamical Yes No No No Yes Yes
Table 2. Data for ghosts and gauge-fixing fields.
operator sˆ which increases the ghost number by +1, and acts on all fields Φ by
sˆAµ = Dµc+ LXAµ + ΓIAB ¯IγµΨAXB − Γ˜IABXBΨ¯AγµI + µνρξνA‡ρ, (3.2a)
sˆAˆµ = Dµcˆ+ LXAˆµ + ΓIABXB ¯IγµΨA − Γ˜IABΨ¯AγµIXB + µνρξνAˆ‡ρ, (3.2b)
sˆXA = −icXA + iXAcˆ+ (ΓIJ)BAαJ IXB + (LX−
1
2σX)XA + iΓ
I
AB ¯
IΨB, (3.2c)
sˆΨA = −icΨA + iΨAcˆ+ (ΓIJ)BAαJ IΨB + (LX−σX)ΨA −
1
3Γ
I
AB 6∇IXB + ΓIAB 6DXBI
+ ΓIAB(XCXCXB − XBXCXC)I − 2ΓIBCXBXAXCI − 6ξΨ¯‡A − (ΓIJ)BA ¯IJΨ¯‡B,
(3.2d)
sˆc = −12[c, c]− LXc−
1
2((ξ
µAµ)− (¯I(ΓIJ)CDJXDXC)), (3.2e)
sˆcˆ = −12[cˆ, cˆ]− LX cˆ−
1
2((ξ
µAˆµ)− (¯I(ΓIJ)CDJXCXD)), (3.2f)
sˆαIJ = −αIKαKJ + 23(i¯
I 6∇J), (3.2g)
sˆXµ = −12[X,X]µ − ξµ, (3.2h)
sˆI = −(LX + 12σX)
I + αIJJ , (3.2i)
sˆc¯ = (LX − σX)c¯+B, (3.2j)
sˆ¯ˆc = (LX − σX)¯ˆc+ Bˆ, (3.2k)
sˆB = (LX − σX)B + (Lξ − σξ)c¯, (3.2l)
sˆBˆ = (LX − σX)Bˆ + (Lξ − σξ)¯ˆc. (3.2m)
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We next define the following action functional Sˆ
Sˆ = SN=6 + Ssc + Saf, (3.3)
where SN=6 =
∫
M LN=6, and
Ssc =
k
2pi
∑
i
∫
M
sˆΦi · Φ‡i . (3.4)
is a source term, which couples all BRST transformed fields sˆΦi to their corresponding
sources Φ‡i . In addition, we have added the anti-field action Saf which is quadratic in
Ψ‡, A‡, Aˆ‡
Saf =
k
4pi
∫
M
(
ΨA‡ 6ξΨ¯‡A + (ΓIJ)BA ¯IJΨ‡AΨ¯‡B + µνρA‡µξνA‡ρ + µνρAˆ‡µξνAˆ‡ρ
)
. (3.5)
The operator sˆ, can now be extended to anti-fields by sˆ = JSˆ,−K, where
JO1,O2K := δO1
δΦ
δO2
δΦ‡ −
δO1
δΦ‡
δO2
δΦ . (3.6)
is called the anti-bracket and satisfies the graded Jacobi identity.
Finally, gauge-fixing is done by performing a “canonical transformation”
eJ−,ΨK = 1 + J−,ΨK+ 12!qJ−,ΨK,Ψy+ 13!rqJ−,ΨK,Ψy,Ψz+ . . . , (3.7)
on the action Sˆ, where Ψ is the “gauge fermion” with ghost number −1 given by
Ψ = k2pi
∫
M
(∇µAµ − 12B)c¯− (∇µAˆ
µ − 12Bˆ)
¯ˆc, (3.8)
which implements the Feynman gauge. The gauge-fixed action of the enlarged theory is
thus defined to be
S = eJ−,ΨKSˆ = Sˆ + sˆΨ + 12
q
sˆΨ,Ψ
y
. (3.9)
Note that by contrast to the usual gauge-fixing of the Yang-Mills theory, our gauge-fixed
action has an additional term 12
q
sˆΨ,Ψ
y
. This term appears due to the presence of the
quadratic action Saf in anti-fields Ψ‡A and (A‡µ, Aˆ‡µ) which, in turn, is needed for obtain-
ing a nilpotent differential because of the δe.o.m.-term in (2.20) which occurs for ΨA and
(Aµ, Aˆµ). Such a term is characteristic for supersymmetric gauge theories where the algebra
of transformations only closes on-shell.
The gauge-fixed action S leads to the BV-BRST differential s, defined by
s := eJ−,ΨK ◦ sˆ ◦ e−J−,ΨK = JS,−K. (3.10)
The action of s on all fields coincides with that of sˆ (3.2), except for (Aµ, Aˆµ) where it is
sAµ = sˆAµ + µνρξν∇ρc¯, sAˆµ = sˆAˆµ + µνρξν∇ρˆ¯c. (3.11)
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On anti-fields is given by
sΦ‡ = JS,Φ‡K = δS
δΦ . (3.12)
The s transformation of those anti-fields which are needed later are given in Appendix A.
The gauge-fixed action S is checked to satisfy
JS, SK = 0, (3.13)
and using the graded Jacobi identity for anti-bracket, one shows from this that
s2 = 0, (3.14)
as an operator. The identity (3.13) expresses the invariance of S under all rigid and local
symmetries, i.e. sS = 0. In fact, the Noether current of s is given by
Jµ = Jgaugeµ + JSUSYµ + JRµ + Jconfµ + Janti-fieldsµ , (3.15)
which includes the gauge current, supercurrent, R-symmetry current and conformal current:
Jgaugeµ = Tr
(1
2µνρ(F
νρc− Fˆ νρcˆ)
)
, (3.16)
JSUSYµ = Tr
(
δΨ¯AγµΨA + δΨ¯AγµΨA
)
, (3.17)
JRµ = Tr
(
DµXAρBAXB +DµXAρABXB + i(Ψ¯AγµρABΨB + Ψ¯AγµρBAΨB)
)
,
Jconfµ = XνTµν , (3.18)
where Tµν is the energy-momentum tensor of SN=6 and Jafµ is an anti-field dependent part.
4 Calculation of BRST cohomology
In this part, we present the cohomology analysis of the nilpotent BRST differential s
defined in the previous section. We calculate a particular cohomology class which contains
the potential anomalies of the classical symmetry at quantum level, and show that this
class is trivial in our theory.
As mentioned in the introduction, the counter-terms which are used for finite renor-
malization in curved space-times [22] are local and covariant functionals O of the field
configurations (Φ,Φ‡) and the background metric g, which by definition are of the form
O(x) = O
(
gµν(x), Rµνρσ(x), . . . ,∇(µ1...∇µk)Rµνρσ|x,∇(µ1...∇µk)Φ|x,∇(µ1...∇µk)Φ‡|x
)
,
(4.1)
where Rµνρσ is the Riemann tensor. We therefore restrict to the space P(M) of such
functionals. The ghost number q induces a grading on the space P(M) of all local and
covariant functionals
P(M) =
⊕
p,q
Ppq(M), (4.2)
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where each Ppq(M) is defined to be the space of functionals with ghost number q and form
degree p. The q-th cohomology ring of s at form degree p is defined by
Hpq (s,M) :=
{ker s : Ppq(M)→ Ppq+1(M)}
{im s : Ppq−1(M)→ Ppq(M)}
. (4.3)
The anomaly A =
∫
M a(x)dx is shown [25] to be a formal power series in ~
A = A(m)~m +A(m+1)~m+1 + . . . , (4.4)
whose leading order contribution A(m) is an element of H31 (s,M) of dimension 3 and ghost
number 1. Equivalently, the local density a(m)(x) belongs to H31 (s|d,M), the cohomology
ring of s modulo d defined by
Hpq (s|d,M) :=
{Opq |sOpq = dOp−1q+1}
{Opq |Opq = sOpq−1 + dOp−1q }
. (4.5)
In our formalism, we are working off-shell (where the equations of motion are not
necessarily satisfied) because of the open nature of the supersymmetry algebra (2.20). We
must, thus, consider the fields and anti-fields (Φ,Φ‡) and their derivatives as independent
and we will refer to them as basic fields.
To analyse the cohomology ring (4.5) which contains potential anomalies, we first
collect two well-known results in the homological perturbation theory [15, 35].
1) Two basic fields Φ1 and Φ2 are said to form a BRST doublet or a contractible
pair, denoted by {Φ1,Φ2}, if sΦ1 = Φ2, (and hence sΦ2 = 0). Then, it follows that the
cohomology classes Hpq (s|d,M) are independent of the pair of fields {Φ1,Φ2} forming a
BRST doublet. To see this, consider for instance an O which contains Φ1 and Φ2, k times,
i.e.
(Φ1
∂
∂Φ1
+ Φ2
∂
∂Φ2
)O = kO. (4.6)
Then O is s-exact, i.e. O = sO′ with O′ = Φ1 ∂O∂Φ2 .
2) Let N : P(M)→ P(M) be a filtration operator, with non-negative eigenvalues, such
that each element O ∈ P(M) and the differential s have an expansion of the form
O =
∑
n≥0
On, (4.7)
s = s0 + s1 + . . . , (4.8)
where NOn := nOn. Then for a filtration N which commutes with the exterior derivative
d, i.e., [N , d] = 0, we have
1. s20 = 0,
2. Hpq (s|d,M) is isomorphic to a subgroup of Hpq (s0|d,M).
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Φ (Aµ, Aˆµ) XA ΨA (c, cˆ) Xµ αIJ I (c¯, ¯ˆc) (B, Bˆ)
nΦ 2 3 2 2 2 2 1 2 2
Φ‡ (A‡µ, Aˆ‡µ) X
‡
A Ψ
‡
A (c‡, cˆ‡) X‡µ α‡IJ ‡I (c¯‡, ¯ˆc‡) (B‡, Bˆ‡)
nΦ‡ 3 1 2 2 1 3 2 2 2
Table 3. Fields, anti-fields and their weights nΦ, nΦ‡ .
The first result is a trivial consequence of expanding s2 = 0. For the second one, consider
an O with sO = 0. Using the expansion (4.8), this means
s0O0 = 0,
s1O0 + s0O1 = 0,
s2O0 + s1O1 + s0O2 = 0,
. . . .
This means O(0) is in s0-cohomology. One can show ([15] Proposition 5.6) that, in fact, the
map ρ(O) = O0 provides the isomorphism mentioned above.
4.1 Triviality of cohomology rings H31 (s|d,M) and H31 (s,M)
In this section, we prove that the cohomology rings H31 (s|d,M) and H31 (s,M) at dimension
3 are trivial. The proof rests on a suitable filtration which decomposes the BRST differential
as in (4.8). With respect to s0, part of the fields and their derivatives form doublets and
hence do not belong to H31 (s0|d,M). We then calculate this cohomology in two steps:
(1) We write the most general element O ∈ P31(M) with dimension 3, as a linear combina-
tion of all possible local-covariant functionals with form degree 3, and ghost number
1, made out of the remaining fields (which do not form doublets),
(2) By applying s0, we show that all the coefficients of this linear combination have to
vanish, in order that A ∈ H31 (s0|d,M).
Since H31 (s|d,M) ⊂ H31 (s0|d,M), it follows that H31 (s|d,M), hence H31 (s,M), are trivial.
As filtration operator, we choose
N =
∫
M
nΦΦ
δ
δΦ + nΦ‡Φ
‡ δ
δΦ‡ , (4.9)
which counts the number of fields and anti-fields (Φ,Φ‡) with weights (nΦ, nΦ‡) which are
given in the Table 3. The filtration is made in such a way that
[N , d] = 0 = [N ,∇µ], (4.10)
therefore ndΦ = n∇µΦ = nΦ. The zeroth order part, therefore, satisfies s20 = 0 and
s0∇µ −∇µs0 = 0 = s0d+ ds0. (4.11)
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The fields and anti-fields with non-vanishing s0 transformations are
(s0Aµ, s0Aˆµ) = (∇µc,∇µcˆ), (4.12a)
s0XA = iΓIAB ¯IΨB, (4.12b)
s0Xµ = ξµ, (4.12c)
s0α
I
J =
2
3 i¯
I 6∇J , (4.12d)
(s0c¯, s0¯ˆc) = (B, Bˆ), (4.12e)
(s0c‡, s0cˆ‡) = (c,c¯), (4.12f)
(s0A‡µ, s0Aˆ‡µ) = (2µλρ∇λAρ, 2µλρ∇λAˆρ), (4.12g)
s0Ψ‡A = 6∇ΨA, (4.12h)
(s0B‡, s0Bˆ‡) = (B, Bˆ), (4.12i)
s0
‡I = −i¯IγµX‡µ, (4.12j)
s0α
‡I
J = ‡IJ . (4.12k)
We observe that the following fields form s0-doublets,
{Aµ,∇µc}, {Aˆµ,∇µcˆ}, {c¯, B}, {¯ˆc, Bˆ}, {Ψ‡A, 6∇Ψ¯A},
{A‡µ, µνρ∇νAρ}, {Aˆ‡µ, µνρ∇νAˆρ}, {c‡,c¯}, {cˆ‡,¯ˆc}, {B‡, B}, {Bˆ‡, Bˆ}.
Also, since both N and s0 (anti-)commute with ∇µ and d, all derivatives of each doublet
form again new doublets, e.g. {∇νAµ,∇ν∇µc}. Hence, such fields do not belong to the
s0-cohomology.
A general element O ∈ H31 (s0|d,M) is a 3-form and ghost number +1, and satisfies
s0O = dθ, for some θ ∈ P22(M). Here we are only interested in the anomaly a(x) which is
of dimension 3. Let us denote the Hodge dual of a by A which is a scalar. To have ghost
number +1, A has to either
• be linear in ghosts (c, cˆ), ,X, α with ghost number +1, which we denote by A(c, cˆ),
A(), A(X), A(α) respectively, or
• depend on X‡A, ‡, α‡, X‡ with negative ghost numbers, and enough number of other
ghosts to make a combination with ghost number +1. We denote them by A(X‡),
A(‡), A(α‡), A(X‡), respectively.
The most general manifestly gauge and so(6)-invariant form that these terms can take are
A(c, cˆ) = Tr
(
c(a1XAXAXBXBXCXC + a2XAXBXCXAXBXC + a3XAXBXBXAXCXC
+a4ABCDΨ¯AXBΨCXD + a5Ψ¯AΨAXBXB + a6Ψ¯AΨBXAXB)
)
+ Tr
(
cˆ(aˆ1XAXAXBXBXCXC + aˆ2XAXBXCXAXBXC + aˆ3XAXBXBXAXCXC
+ aˆ4ABCDΨ¯AXBΨCXD + aˆ5Ψ¯AΨAXBXB + aˆ6Ψ¯AΨBXAXB)
)
,
+ a7RTr
(
cXAXA
)
+ aˆ7RTr
(
cˆXAXA
)
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A() = Γ˜IEF ¯ITr
(
ΨEXF (b1XAXAXBXB + b2XAXBXAXB)
)
+ ΓIEF ¯ITr
(
ΨEXF (bˆ1XAXAXBXB + bˆ2XAXBXAXB)
)
+ b3Γ˜IAB ¯IγµTr(ΨAXBXC∇µXC) + bˆ3ΓIAB ¯IγµTr(ΨAXBXC∇µXC)
+ b4Γ˜IAB ¯IγµγνTr
(
ΨA∇µ∇νXB
)
+ bˆ4ΓIAB ¯IγµγνTr(ΨA∇µ∇νXB)
+ b5Γ˜IABTr
(
∇µ(¯IΨA)∇µXB
)
+ bˆ5ΓIABTr
(
∇µ(¯IΨA)∇µXB
)
+ b6Γ˜IAB 6∇¯ITr
(
ΨAXBXCXC
)
+ bˆ6ΓIAB 6∇¯ITr
(
ΨAXBXCXC
)
+ b7RΓ˜IAB ¯ITr
(
ΨAXB
)
+ bˆ7RΓIAB ¯ITr(ΨAXB)
+ b8Γ˜IAB ¯ITr
(
∇2ΨAXB
)
+ bˆ8ΓIAB ¯ITr
(
∇2ΨAXB
)
,
A(X) = σXTr
(
k1XAXAXBXBXCXC + k2XAXBXCXAXBXC + k3XAXBXBXAXCXC
+k4ABCDΨ¯AXBΨCXD + k5Ψ¯AΨAXBXB + k6Ψ¯AΨBXAXB
)
+ σXTr
(
kˆ1XAXAXBXBXCXC + kˆ2XAXBXCXAXBXC + kˆ3XAXBXBXAXCXC
+ kˆ4ABCDΨ¯AXBΨCXD + kˆ5Ψ¯AΨAXBXB + kˆ6Ψ¯AΨBXAXB
)
,
A(α) = d1αIJΓIABΓ˜JCDTr(XAXCXBXDXEΦE) + d2αIJΓIABΓ˜JCDTr(Ψ¯CΨAXBXD)
+ dˆ1αIJΓIABΓ˜JCDTr(XCXBXDXAXEXE) + dˆ2αIJΓIABΓ˜JCDTr(Ψ¯AΨCXDXB),
A(X‡) = Tr
(
e1c
2XAX‡A + eˆ1cˆ2XAX‡A
)
+ e2Tr(XAX‡A)αIJαJ I + eˆ2Tr(XAX‡A)α
I
Jα
J
I ,
A(‡) = f1‡II ¯JJTr
(
XAXA
)
+ f2‡Iγ
µIXµTr
(
cXAXA
)
+ f3‡I
Ic2 + f4‡I
IαIJα
J
I
+ fˆ1‡I
I ¯J
JTr
(
XAXA
)
+ fˆ2‡Iγ
µIXµTr
(
cˆXAXA
)
+ fˆ3‡I
I cˆ2,
A(α‡) = g1α‡IJ ¯JITr
(
cXAXA
)
+ gˆ1α‡IJ ¯JITr
(
cXAXA
)
+ α‡IJ ¯JγµIXµTr
(
g2XAXAXBXB + g3XAXBXAXB
)
+ α‡IJ ¯JγµIXµTr
(
gˆ2XAXAXBXB + gˆ3XAXBXAXB
)
+ g5α‡IJ 6∇¯JIc+ gˆ5α‡IJ 6∇¯JI cˆ,
A(X‡) = h1Xµ‡XµTr c2 + hˆ1Xµ‡XµTr cˆ2 + h2Xµ‡XµαIJαJ I + h3Xµ‡Xµ¯II ,
where ai, aˆi, bi, bˆi, ki, kˆi, di, dˆi, ei, eˆi, fi, fˆi, gi, gˆi, hi, hˆi are constants, and R is the scalar cur-
vature of the background spacetime. Using the relatively simple form of s0 given in (4.12),
one can straightforwardly check that the above candidate element is in H31 (s0|d,M) only
if all constants vanish. For instance, if we apply s0 on A(c, cˆ), we observe that since s0XA
contains a superconformal ghost I , s0A(c, cˆ) will necessarily contain (c, cˆ)I . But these
ghosts cannot appear in this combination as the s0 transformation of any other terms in
the above expression. Thus, to be in the cohomology, all the coefficients ai, aˆi must vanish.
Similarly, applying s0 on A() and A(X) will result in ghosts in the combination ¯IJ and
σX
I respectively which, however, cannot be generated as the s0 transformation of any of
the other terms, hence ai, aˆi and ki, kˆi must vanish as well.
– 15 –
Acknowledgement
This work is part of the author’s PhD dissertation. I gratefully acknowledge financial sup-
port by the Max Planck Institute for Mathematics in the Sciences and its International
Max Planck Research School (IMPRS). I am very grateful to my supervisor Stefan Hol-
lands for suggesting me the subject, for fruitful discussions and a critical reading of the
manuscript.
A BRST transformations of anti-fields
In this appendix, we give the s transformation of anti-fields with a non-trivial s0 transfor-
mation used in Section 4.1.
sAµ‡ = ξν(Fµν − µνρJρ) + [Aµ‡, c] + (LX − 3σX)Aµ‡ − 12ξ
µc‡,
sΨ‡A = 6DΨ¯A − 2ABCDXBΨ¯CXD − XBXBΨ¯A + Ψ¯AXBXB − 2Ψ¯BXAXB + 2XBXAΨ¯B
− icΨ‡A + iΨ‡Acˆ+ (ΓIJ)ABαJ IΨ‡B + (LX−2σX)Ψ‡A + ΓIAB ¯IγµXB(A‡µ + Aˆ‡µ) + iΓIBA¯IX‡B
sc‡ = −Dµ∇µc¯+ i[Aµ, A‡µ]− iXAX‡A − iΨAΨ‡A − [c, c‡]− (LX − 3σX)c‡
sα‡IJ = (ΓIJ)BAXBX‡A + (ΓIJ)BAΨBΨA‡ − αIKα‡KJ + I‡J
s‡I = Γ˜IABXBΨ¯A 6∇c¯− iµνρ¯IγνA‡ρ∇µc¯− Γ˜IABXBΨ¯Aγµ(A‡µ + Aˆ‡µ)
+ iµνρ¯Iγν(A‡ρA‡µ + Aˆ‡ρAˆ‡µ) + iΓIABΨ¯BX‡A −
1
3Γ
I
AB 6∇(XBΨ‡A)
+ ΓIAB 6DXBΨ‡A + ΓIAB(XCXCXB − XBXCXC)Ψ‡A − 2ΓIBCXBXAXCI −
1
2 i¯
IγµΨ¯‡AΨ
‡Aγµ,
− 12(i¯
Iγµ(Aµc‡ + Aˆµcˆ‡)− (¯J(ΓIJ)CDXDXC)(c‡ + cˆ‡)) +
2
3 i 6∇(α
‡I
J ¯
J)− i¯IγµX‡µ + αIJ‡J
sB‡ = −∇µAµ + αB + ασX c¯+ (LX − 2σX)B‡ + c‡.
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